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Abstract
There is special interest in the design of large vertex-symmetric graphs and digraphs as models of interconnection networks
for implementing parallelism. In these systems, a large number of nodes are connected with relatively few links and short paths
between the nodes, and each node may execute the same communication software without modifications.
In this paper, a method for obtaining new general families of large vertex-symmetric digraphs is put forward. To be more
precise, from a k-reachable vertex-symmetric digraph and another (k + 1)-reachable digraph related to the previous one, and using
a new special composition of digraphs, new families of vertex-symmetric digraphs with small diameter are presented. With these
families we obtain new vertex-symmetric digraphs that improve various values of the table of the largest known vertex-symmetric
(∆, D)-digraphs. The paper also contains the (∆, D)-table for vertex-symmetric digraphs, for∆ ≤ 13 and D ≤ 12.
c© 2008 Elsevier B.V. All rights reserved.
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1. Introduction
A question of particular interest in graph theory is the construction of graphs and digraphs with an order as large
as possible for a given degree and diameter or (∆, D)-problem. This problem has been the object of much attention
due to its implications in the design of topologies for interconnection networks and other questions such as the data
alignment problem and the description of some cryptographic protocols.
The (∆, D)-problem for undirected graphs has been approached in different ways. It is possible to give bounds on
the order of the graphs for a given degree and diameter (see [2]). As the theoretical bounds are difficult to attain, most
of the works deal with the construction of graphs, which for this given diameter and degree have a number of vertices
as close as possible to the theoretical bounds, see [1,20] for a review.
Regarding the (∆, D)-problem for directed graphs, there are several well-known families with order very close to
the unattainable Moore bound. However, these digraphs are vertex-symmetric in a few cases only, [4,17,18,13].
The search for large digraphs which have the additional property of being vertex-symmetric has been carried out
more recently. The interest in vertex-symmetric digraphs arises from the fact that in the associated network each
node is able to execute the same communication software without modifications. Such digraphs may therefore be
considered with the aim of obtaining an easy implementation of parallelism.
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The search for large digraphs which have the additional property of being vertex-symmetric was undertaken more
recently than the construction of large digraphs. For instance, in [11], Faber and Moore study families of digraphs
on permutations, and give a table of the largest known vertex-symmetric (∆, D)-digraphs, Γ∆(D), see also [12].
Subsequently, Dinneen [10] updated the table with constructions based on Cayley graphs from linear groups and semi-
direct products of cyclic groups. Comellas and Fiol [7] improved many values of the table by some generalizations of
a result from Conway and Guy [9], and giving some properties of digraphs Γ∆(D). Finally, a recent work on large
vertex-symmetric digraphs is [15]; see also [22,23].
In this paper, we give some new families of large vertex-symmetric (∆, D)-digraphs improving some previous
results. In the next section, some basic concepts and terminology are recalled. We refer the reader to [5] for additional
graphs concepts. In Section 3, two families of vertex-symmetric digraphs are given, and they are isomorphic to those
presented in [7], which are modified and generalized in Section 4 in such a way so as to improve several values in the
table of largest vertex-symmetric digraphs. Finally, the conclusions are in Section 5.
2. Definitions, notation and some earlier results
A directed graph or digraph G = (V, A) for short, consists of a non-empty finite set of vertices V = V (G), and
a set A = A(G) of ordered pairs of elements of V called a set of arcs. The number of vertices N = |G| = |V | is the
order of the digraph. Let (x, y) be an element of A; it is said that x is adjacent to y or that y is adjacent from x , and
it is written x −→ y. The out-degree of a vertex x, δ+(x), is the number of vertices adjacent from x . The in-degree
of a vertex x, δ−(x), is the number of vertices to x . Γ+ [Γ−] is the set of vertices adjacent from [to] x . A digraph
is regular of degree ∆ or ∆-regular if the in-degree and the out-degree of all vertices are equal to ∆. The distance
between two vertices x and y, d(x, y), is the number of arcs of a shortest path from x to y, and its maximum values
among all pairs of vertices D = maxx,y∈V d(x, y) is the diameter of the digraph.
The order of a ∆-regular digraph (∆ > 1) of diameter D is easily seen to be bounded by:
1+∆+∆2 + · · · +∆D = ∆
D+1 − 1
∆− 1 = N (∆, D).
This value is called the Moore bound, and it is known that, except for ∆ = 1 or D = 1, there exist no ∆-regular
digraphs with N (∆, D) vertices and diameter D [21,3].
A digraph G is vertex-symmetric if its automorphism group acts transitively on its set of vertices. A (∆, D)-digraph
is a digraph with maximum degree ∆ and diameter at most D.
The optimization problem considered in this article consists of finding vertex-symmetric (∆, D)-digraphs
which, for a given diameter and maximum out-degree, have a number of vertices as close as possible to the
Moore bound.
Faber and Moore presented the family of large vertex-symmetric digraphs called Γ∆(D) in [11,12]. It may be
defined as follows: the vertices are labeled with different words of length D, x1x2 . . . xD , such that they form a D-
permutation of an alphabet of ∆+ 1 letters, A∆+1. The adjacencies are given by:
x1x2 . . . xD −→

x2x3x4 . . . xDxD+1 xD+1 6= x1, x2, . . . , xD
x2x3x4 . . . xDx1
x1x3x4 . . . xDx2
x1x2x4 . . . xDx3
. . .
x1x2x3 . . . xDxD−1.
These digraphs have order N (D) = (∆+1)!
(∆−D+1)! , diameter D and are∆-regular (∆ ≥ D). Each automorphism of A∆+1
(the alphabet of ∆+ 1 elements), P∆, is a permutation of the digraph Γ∆(D) and vice versa. Next, we recall a proof
that any permutation of Γ∆(D) is an automorphism. Let x = x1x2 . . . xD and y = y1 y2 . . . yD be two vertices of
Γ∆(D), and let P be one of the (∆ − D + 1)! permutations of A∆+1 so that P(x) = y, that is, P(xi ) = yi , for
i = 1, 2, . . . , D. Indeed, we have that
J. Go´mez / Discrete Mathematics 309 (2009) 1213–1221 1215
y1 y2 . . . yD −→

y2 y3 y4 . . . yD yD+1 yD+1 6= y1, y2, . . . , yD
y2 y3 y4 . . . yD y1
y1 y3 y4 . . . yD y2
y1 y2 y4 . . . yD y3
. . .
y1 y2 y3 . . . yD yD−1.
Hence, Γ+(P(x)) = Γ+(y) = P(Γ+(x)).
The digraphs Γ∆(D) are the largest known vertex-symmetric when ∆ is “large enough” compared to D.
A digraph is k-reachable if for every pair of vertices x, y ∈ V there exists a path of exactly k arcs from x to y.
See [19,14] for more details about k-reachable digraphs. With regard to large k-reachable vertex-symmetric digraphs,
it is known that if D ≥ 3, the digraphs Γ∆(D) are D-reachable. Indeed, since the digraph Γ∆(D) is vertex-symmetric,
y = 123 . . . D can be taken as a destination vertex and x = x1x2 . . . xD as an origin vertex.
If xD 6= 1 then a path of length D between x and y is x1x2 . . . xD, . . . xD1, . . . 12, . . . , 12 . . . (D−1)D. Whereas, if
xD = 1 then a path of length D between x and y is x1x2x3 . . . xD−11, . . . 1l, . . . 1l2; . . . 1l23, . . . , . . . 1l23 . . . (l − 1),
. . . 123 . . . (l−1)l, . . . , 123 . . . (D−1)D, where l ≤ D; see [7]. Moreover, a family of vertex-symmetric 2d+1-regular
2-reachable digraphs is given in [8].
The first and second constructions given in [7] enabled the authors of this article to improve a large number of
entries in the table of largest known vertex-symmetric (∆, D)-digraphs. In Section 3, two families of vertex-symmetric
digraphs are presented. These families of vertex-symmetric digraphs have the same order as the best ones provided
by the constructions of [7]. In fact, they are isomorphic to those proposed in [7], but they allow us to obtain new large
vertex-symmetric digraphs in Section 4.
Theorem 1 ([7]). If there is a vertex-symmetric ∆-regular k-reachable digraph with N vertices, then for all n and m
a multiple of n, there exists a vertex-symmetric ∆-regular digraph, G ′ = (V ′, A′), with order N ′ = m N n vertices
and diameter D ≤ kn + m − 1.
The new vertex-symmetric digraphs of [7] are defined as follows. Let G = (V, A) be a digraph satisfying the
hypotheses of the theorem. The vertex set of the digraph G ′ = (V ′, A′), V ′, has elements (α | p0 p1 . . . pn−1) with
α ∈ Z/mZ and pi ∈ V . The adjacencies of G are:
(α | po p1 . . . pα . . . pn−1) −→ (α + 1 | po p1 . . . qα . . . pn−1) (1)
where all the indices of the vertices of G are taken modulo n and qα ∈ Γ+(pα) in G.
The digraph G ′ is also called mGn . The previous theorem generalizes the result presented by Conway and Guy [9],
who studied the case m = n earlier.
Theorem 2 ([7]). If there is a vertex-symmetric∆-regular k-reachable digraph with N vertices, then for all n and m
a multiple of n, there exists a vertex-symmetric ∆ + 1-regular digraph with order N ′ = m N n vertices and diameter
D′ ≤ kn + d where d is the diameter of the fixed 2-step digraph Cay(Z/mZ, {1, b}).
In this case, the authors introduced the new vertex-symmetric digraph as follows:
Let G = (V, A) be a digraph satisfying the hypotheses of the theorem. The vertex set of the digraph G ′ = (V ′, A′),
V ′, has elements (α | p0 p1 . . . pn−1) with α ∈ Z/mZ and pi ∈ V . The adjacencies of G ′ are:
(α | p0 p1 . . . pα . . . pn−1) −→
{
(α + 1 | p0 p1 . . . qα . . . pn−1)
(α + b | p0 p1 . . . pα . . . pn−1) (2)
where qα is adjacent from pα in G and b is chosen in order to minimize d . The graph G ′ is called mGnC in this case.
The constructions of digraphs mGn and mGnC providing the best orders in the table of largest known vertex-
symmetric digraphs use the k-reachable digraphs Γ∆(k) (k ≥ 3) as G, except for one entry where they use a
2-reachable digraph presented in [8].
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3. Preliminary results
The first family of vertex-symmetric digraphs that we present is in fact isomorphic to that given in Theorem 1,
mGn , and it enables us to define a generalization of such digraphs that allow us to improve some values of the table
of largest vertex-symmetric (∆, D)-digraphs.
Definition 1. Let G = (V, A) be a vertex-symmetric ∆-regular k-reachable digraph with N vertices. The vertex set
of the digraph G ′′ has elements (α | p0 p1 . . . pn−1) with α ∈ Z/mZ and pi ∈ V . The adjacencies of G are:
(α | p0 p1 . . . pn−1) −→ (α + 1 | p1 p2 . . . pn−1q0) (3)
where q0 is adjacent from p0 in G.
Proposition 1. The digraph G ′′ is a vertex-symmetric ∆-regular digraph and has diameter D ≤ kn + m − 1.
Proof. G ′′ is vertex-symmetric:
Let φ0, φ1, . . . , φn−1 be automorphisms of G = (V, A) and let t be any element of Z/mZ. The digraph G ′′ is
vertex-symmetric since the map Ψ
(α | p0 p1 p2 . . . pn−1) Ψ7−→ (α + t | φα(p0)φα+1(p1) . . . φα−1(pn−1)) (4)
is an automorphism of G ′′. Indeed,
Ψ(α | p0 p1 p2 . . . pn−1) = (α + t | φα(p0)φα+1(p1) . . . φα−1(pn−1))
−→ (α + t + 1 | φα+1(p1)φα+2(p2) . . . φα−1(pn−1)φα(q0))
= Ψ(α + 1 | p1 p2 . . . pn−1q0)
where we use that, in G, pα −→ qα ⇐⇒ φα(pα) −→ φα(qα). Observe that t only appears in the first digit ofΨ in (4).
Now we show that it has diameter D ≤ kn + m − 1. In order to make the proof easier to understand, we take as
an example, G = Γ∆(3), n = 3 and m = 6, and we show a path from vertex x = (0 | 123 231 213) to the vertex
y = (3 | 123, 123, 123) of length 9.
x = (0 | 123 231 213), (1 | 231 213 231), (2 | 213 231 213), (3 | 231 213 231), (4 | 213 231 312),
(5 | 231 312 132), (0 | 312 132 312), (1 | 132 312 123), (2 | 312 123 123), (3 | 123 123 123) = y.
Since G ′′ is a vertex-symmetric digraph, we assume as an origin vertex x = (0 | p0 p1 . . . pn−1). It suffices to show
a path from x to vertex y = (kn(mod m) | s0s1 . . . sn−1) of length kn. Since G is k-reachable, there is a path of length
exactly k steps from pi to si for each i = 0, 1, . . . , n − 1 in G. Hence, from x , by performing kn steps, so that the
steps i, i + n, i + 2n, . . . , i + (k − 1)n, i = 1, 2, . . . , k; correspond to the path from vertex pi to qi in G, we reach
the destination vertex y. 
Proposition 2. The digraphs G ′′ and mGn are isomorphic.
Proof. Let us consider the bijection ψ : V (G ′′) −→ V (mGn) defined by:
(α | p0 p1 p2 . . . pn−1) ψ7−→ (α | pn−α pn−α+1 . . . pn−1 p0 p1 . . . pn−α−1).
This bijection is a digraph isomorphism since the vertex
ψ((α + 1 | p1 p2 . . . pn−1q0)) = (α + 1 | pn−α pn−α+1 . . . pn−1q0 p1 . . . pn−α−1)
is adjacent from the vertex
(α | pn−α pn−α+1 . . . p0 p1 . . . pn−α−1)
in mGn . 
Therefore, the digraph mGn is presented in another way in Definition 1. In the same way, the following definition
shows another form of introducing the digraph mGnC . (The reader may check that the digraph to be presented in
Definition 2 is isomorphic to the digraph mGnC .)
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Definition 2. Let G = (V, A) be a vertex-symmetric ∆-regular k-reachable digraph with N vertices. The vertex set
of the digraph G ′′C has elements (α | p0 p1 . . . pn−1) with α ∈ Z/mZ and pi ∈ V . The adjacencies of G ′′C are:
(α | p0 p1 . . . pn−1) −→
{
(α + 1 | p1 p2 . . . pn−1q0)
(α + b | p0 p1 . . . pn−1) (5)
where q0 is adjacent from p0 in G.
4. Main results
While it is true that the digraphs mGn and mGnC provide large vertex-symmetric digraphs for many entries, it
is also true that, due to the fact that these constructions use only one type of digraph, they do not give the best
values when ∆ < D for some diameters. In this section, we attempt to overcome this drawback by using two vertex-
symmetric digraphs, instead of using only one. We focus our attention on the digraph G = Γ∆(D). From now on, we
use the following notation. Let p¯ = w1w2 . . . wkwk+1 and p = w2w3 . . . wk be two vertices of Γ∆(k+ 1) and Γ∆(k)
respectively, where k ≥ 3 and p is the vertex associated to p¯. We denote the set of digits of p by {p} and any bijection
from A∆+1 − {p} to A∆+1 − {q} by f p,q (where A∆+1 is the alphabet with ∆+ 1 letters).
4.1. On the generalization of mGn digraph
Definition 3. Let m, n be any positive integers so that m is a multiple of n, and let n0, n1 be any non-negative integers
so that n0 + n1 = n. Let us consider the digraphs G0 = (V0, A0) = Γ∆(k) and G1 = (V1, A1) = Γ∆(k + 1), where
k ≥ 3. The vertex set of the digraph mGn00 Gn11 has elements
(α | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1)
with α ∈ Z/mZ and pi ∈ V0 and p¯i ∈ V1. The adjacencies of G are:
(α | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1) −→ (α + 1 | p1 p2 . . . pn0−1 pn0 p¯n0+1 . . . p¯n−1q¯0) (6)
where p0 = x1x2x3x4 . . . xk , and q¯0 can be any of the following vertices
x1x2x3x4 . . . xk xk+1 xk+1 6= x1, x2, . . . , xk
ux2x3x4 . . . xk x1
ux1x3x4 . . . xk x2
ux1x2x4 . . . xk x3
. . .
ux1x2x3 . . . xk xk−1
(7)
where p¯n0 = s1s2s3 . . . sksk+1, pn0 = s2s3 . . . sksk+1, u = f pn0 ,p0(s1) = R(s1) and R is any bijection from
A∆+1 − {pn0} to A∆+1 − {p0}.
The digraph so constructed, mGn00 G
n1
1 , has degree ∆ and order N = m N (k)N (k + 1).
From now on, the notation φ for an automorphism of G0 and φ¯ for an automorphism of G1 is used. Due to the
fact that each automorphism of the digraph Γ∆(D) is a permutation of the set A∆+1 = {0, 1, 2, . . .∆}, P∆, it can be
stated that φ¯( p¯) = P∆(w1)P∆(w2) . . . P∆(wk)P∆(wk+1) and φ(p) = P∆(w2) . . . P∆(wk)P∆(wk+1). In the same
way, if φ(t1t2 . . . tk) = P∆(t1)P∆(t2) . . . P∆(tk) then φ¯(t1t2 . . . tk tk+1) = P∆(t1)P∆(t2) . . . P∆(tk) . . . P∆(tk+1).
Theorem 3. The digraph mGn00 G
n1
1 is vertex-symmetric. Moreover, if k ≥ 3 it has diameter D ≤ kn0 + (k + 1)n1 +
m − 1.
Proof. Our next aim is to prove that the digraph mGn00 G
n1
1 is vertex-symmetric.
Let us consider the automorphisms φ0, φ1 . . . , φn0−1 of G = (V0, A0) and φ¯n0 , φ¯n0+1 . . . , φ¯n−1 of G = (V1, A1).
Let us now consider now the map Ψ
(α | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1) Ψ7−→ (α + 1 | φα(p0)φα+1(p1) . . .
φα+n0−2(pn0−2)φα+n0−1(pn0−1)φ¯α+n0( p¯n0)φ¯α+n0+1( p¯n0+1) . . . φ¯α+n−2( p¯n−2)φ¯α−1( p¯n−1)).
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Therefore,
Ψ((α | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1)) = (α + 1 | φα(p0)φα+1(p1) . . .
φα+n0−1(pn0−1)φ¯α+n0( p¯n0)φ¯α+n0+1( p¯n0+1)φ¯α+n0+2( p¯n0+2)
. . . φ¯α+n−2( p¯n−2)φ¯α−1( p¯n−1)) −→ (α + 2 | φα+1(p1) . . .
φα+n0−1(pn0−1)φα+n0(pn0)φ¯α+n0+1( p¯n0+1)φ¯α+n0+2( p¯n0+2)
. . . φ¯α+n−2( p¯n−2)φ¯α−1( p¯n−1))Γ+(φα(p0)).
Moreover,
Ψ(α + 1 | p1 p2 . . . pn0−1 pn0 p¯n0+1 . . . p¯n−1q¯0) = (α + 2 | φα+1(p1) . . .
φα+n0−1(pn0−1)φα+n0(pn0)φ¯α+n0+1( p¯n0+1)φ¯α+n0+2( p¯n0+2) . . . φ¯α+n−2( p¯n−2)φ¯α−1( p¯n−1)φ¯α(q¯0)).
Therefore, to complete the proof it is sufficient to show that Γ+(φα(p0)) 3 φ¯α(q¯0). To this end, we focus on φα
and φα+n0 . As a matter of fact, given two vertices x, y ∈ Γ∆(D), there are (∆ − D + 1)! different permutations
of A∆+1 so that P(x) = y. Let B be {P | P is a permutation of A∆+1 so that P(x) = y}. Hence, we can select a
permutation from B for each α ∈ {0, 1, 2, . . . , n − 1}. To be more precise, we distinguish two cases:
• 0 ≤ α ≤ n0 − 1
Let Pα be the permutation associated to φα so that Pα(xi ) = yi , 1 ≤ i ≤ k and let Pα+n0 be the permutation
associated to φ¯α+n0 so that Pα+n0(si ) = ti , 1 ≤ i ≤ k + 1. We select the φα so that Pα(R(s1)) = R(t1).
• n0 ≤ α ≤ n − 1
Let Pα+n0 be the permutation associated to φα+n0 so that Pα+n0(si ) = ti , 2 ≤ i ≤ k + 1 and let Pα be
the permutation associated to φ¯α so that Pα(xi ) = yi , 1 ≤ i ≤ k. We select the φα+n0 so that Pα+n0(s1) =
R−1(Pα(R(s1))). That is, R(Pα+n0(s1)) = Pα(R(s1)).
With these selections, Γ+(φα(p0)) = φ¯α(q¯0). Indeed, in the first case we have
Γ+(y1 y2 . . . yk) =

y1 y2 y3 y4 . . . yk yk+1 yk+1 6= y1, y2, . . . , yk
R(t1)y2 y3 y4 . . . yk y1
R(t1)y1 y3 y4 . . . yk y2
R(t1)y1 y2 y4 . . . yk y3
. . .
R(t1)y1 y2 y3 . . . yk yk−1
and
φ¯α(q¯0) =

y1 y2 y3 y4 . . . yk yk+1 yk+1 6= y1, y2, . . . , yk
Pα(R(s1))y2 y3 y4 . . . yk y1
Pα(R(s1))y1 y3 y4 . . . yk y2
Pα(R(s1))y1 y2 y4 . . . yk y3
. . .
Pα(R(s1))y1 y2 y3 . . . yk yk−1.
This last equation also holds for the second case and, moreover, in this second case we have:
Γ+(y1 y2 . . . yk) =

y1 y2 y3 y4 . . . yk yk+1 yk+1 6= y1, y2, . . . , yk
R(Pα+n0(s1))y2 y3 y4 . . . yk y1
R(Pα+n0(s1))y1 y3 y4 . . . yk y2
R(Pα+n0(s1))y1 y2 y4 . . . yk y3
. . .
R(Pα+n0(s1))y1 y2 y3 . . . yk yk−1.
Hence, the automorphism Ψ can be used to transform each vertex to any of the next subset. Thus, the automorphism
Ψ l , 1 ≤ l ≤ m, may be used to transform each vertex to every other of V (mGn00 Gn11 ).
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Now we show that the digraph mGn00 G
n1
1 has diameter D ≤ kn0 + (k + 1)n1 + m − 1, if k ≥ 3. In order to make
the proof easier to understand, we take as an example, G0 = Γ∆(3), G1 = Γ∆(4), n0 = 1, n1 = 2 and m = 6; and
we show a path from vertex x = (0 | 123 4231 2143) to the vertex y = (5 | 123, 1234, 1234) of length 11.
x = (0 | 123 4231 2143), (1 | 231 2143; 4231), (2 | 143; 4231; 4213), (3 | 231; 4213 2431), (4 | 213 2431
4312), (5 | 431 4312 4132), (0 | 312 4132 4312), (1 | 132 4312 4123), (2 | 312 4123 4123), (3 | 123 4123 4123)
(4 | 123 4123 1234) (5 | 123, 1234, 1234) = y.
Since G ′′ is a vertex-symmetric digraph, we assume as an origin vertex
x = (0 | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1).
It suffices to show a path from x to vertex y = (kn0+ (k + 1)n1(mod m) | q0q1 . . . qn0−1q¯n0 q¯n0+1 . . . q¯n−1) of length
kn0 + (k + 1)n1. From x and after kn0 + (k + 1)n1 steps we reach a vertex z = (kn0 + (k + 1)n1(mod m) |
r0r1 . . . rn0−1r¯n0 r¯n0+1 . . . r¯n−1). Moreover, since G0 = Γ∆(k) is k-reachable (k ≥ 3), there is a path of length
exactly k steps from pi to qi for each i = 0, 1, . . . , n − 1 in G0; see [7] or Section 2. Analogously, since
G1 = Γ∆(k + 1) is (k + 1)-reachable, there is a path of length exactly k + 1 steps from p¯i to q¯i for each
i = 0, 1, . . . , n− 1 in G1. Thus, according to the adjacency rules, (6) and (7), we can choose the digits corresponding
to the k steps i, i + n, i + 2n, . . . , i + (k − 1)n (where n = n0 + n1), i = n1 + 1, n1 + 2, . . . , n; in such a
way that z = (kn0 + (k + 1)n1(mod m) | q0q1 . . . qn0−1r¯n0 r¯n0+1 . . . r¯n−1). Analogously, we can select the digits
corresponding to the k+ 1 steps i, i + n, i + 2n, . . . , i + kn, i = 1, 2, . . . , n1, so that z = (kn0+ (k+ 1)n1(mod m) |
q0q1 . . . qn0−1q¯n0 q¯n0+1 . . . q¯n−1) = y. 
4.2. On the generalization of mGnC digraph
Definition 4. The digraph mGn00 G
n1C is constructed by taking a copy of the digraph mGn00 G
n1 and increasing the
degree of each vertex of V (mGn00 G
n1) in one unit. To be more precise, the adjacency rules are:
(α | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1)
−→
(α + 1 | p1 p2 . . . pn0−1 pn0 p¯n0+1 . . . p¯n−1q¯0) (i)(α + ⌊m + 1
2
⌋ ∣∣∣∣ p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1) (ii) (8)
where p0 = x1x2x3x4 . . . xk , and q¯0 can be any of the following vertices
x1x2x3x4 . . . xk xk+1 xd+1 6= x1, x2, . . . , xk
ux2x3x4 . . . xk x1
ux1x3x4 . . . xk x2
ux1x2x4 . . . xk x3
. . .
ux1x2x3 . . . xk xk−1.
Theorem 4. The digraph mGn00 G
n1
1 C is vertex-symmetric and has diameter D ≤ kn0 + (k + 1)n1 + bm2 c.
Proof. The proof follows similar steps to those in Theorem 3. Therefore, we only give the main points.
Next we show that the digraph mGn00 G
n1
1 C is vertex-symmetric.
The same automorphism Ψ l of Theorem 3 may be used to transform each vertex to any of V (mGn00 G
n1
1 C).
Our next aim is to prove that the digraph mGn00 G
n1
1 C has diameter D ≤ kn0 + (k + 1)n1 + bm2 c. According to the
proof of Theorem 3, it suffices to prove the existence of a path from a vertex of the form
xˆ = (kn0 + (k + 1)n1(mod m) | p0 p1 . . . pn0−1 p¯n0 p¯n0+1 . . . p¯n−1)
to the vertex
y = (β | q0q1 . . . qn0−1q¯n0 q¯n0+1 . . . q¯n−1)
of length ≤ bm2 c.
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Let us consider the two paths from xˆ to y: using β − (kn0 + (k + 1)n1)(mod m) steps of type (i) and using 1-steps
of type (ii) and bm+12 c+β− (kn0+ (k+1)n1)(mod m) steps of type (ii). If β− (kn0+ (k+1)n1)(mod m) > bm−12 c
then β − (bm+12 c + kn0 + (k + 1)n1)(mod m) ≤ bm2 c − 1(mod m). Then the second path has length ≤ bm2 c. 
The method presented in this section has been applied recently to other families of digraphs; see [15].
5. Conclusions
In this paper, various general families of large vertex-symmetric digraphs are put forward. Table 1 shows the largest
known vertex-symmetric digraphs for ∆ ≤ 13 and D ≤ 12 (September 2005). The new digraphs, improving on the
previous values correspond to the digraphs denoted by 2Γ (3)Γ (4), 3Γ (3)2Γ (4) and 2Γ (5)Γ (6), and the degrees of
the digraphs Γ used to construct these digraphs are the same as the degree of the resulting compound digraph. For
example, for∆ = 4 and D = 8, the digraphs used to construct 2Γ (3)Γ (4) are Γ4(3) and Γ4(4). The new digraphs are
denoted with a star.
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